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Differential Equations

( Fastracl« Revision )

» Anequationinvolving anindependent variable, a dependent
variable and derivatives of dependent variable with respect
to Independent variable is known as a differential equation.

» Order of a differential equation Is the order of the highest
order derivative occurring in the differential equation.

» The power of highest order derivative in a differential
equation Is called the degree of that differential equation
when all derivatives are free from indices and fractional
pOWers.

» If the solution of the differentlal equation contains as
many independent arbitrary constants as the order of the
differentlal equation, then it is called the general solution
or the complete integral of the differential equation.

» Solution obtalned by glving particular values to the
arbitrary constants in the general solution Is called a
particular solution.

» Solution of Differential Equations
(i) variable Separable Method:

Equatlon of the type % =F (x, y) can be expressed as

& oh(y)-9(x)

mdy =g(x)dx

—dy x)dx
or H(y):G(x)+C
where ¢ Is the integration constant.

(Integrating both sides)

(il) Homogeneous Differential Equation:

dy _f(x.y)

is solved by putting
g(x,y)

An equatlon of the form

y=w andd—y=v +X— dy in the glven equation.
dx dx

(lii) Linear Differential Equation:
(a) Solutlon of j_y + Py =Q, where Pand Q are constants
X

or functions of x only, is given by
y-(IF)=[(QxIF)dx+C

[ b

(b) Solution of j—; + Px =Q, where P and Q are constants

or functions of y only, is given by
x-(lF):I(QxIF)dy+C

IF=el®®
» Equation d—y+Py=Qy" or d_x+px=oxﬂj
dx dy

where,

where,
Is known as
Bernoulli's Equation.

This equation is converted into linear differential equation
by dividing y” or x” respectively on both sides and after

that putting t = ey ort= — respectively.
J‘,n--‘l Xn-1

& Practice Exercise

" Multiple Choice Questions

Q1. The order of the differential equation
dly _dy

2x?2 —-3 +y =0is:
dx?
a.2 b1
c.0 d. Not defined

Q2. The order and degree (if defined) of the
differential equation

g A% 3
[d_{] 4[ﬂ) =X sin(d—y] respectively are:
dx dx dx (COSE 2023)

a2,2 b.1.3
c.23 d. 2, degree not defined

Q3. The degree

273 2
1+(dy] _d—lls
dx dx?

a. 4 b.E 2
2

of the differential equation

(CBSESQP 2023-24)

d. Not defined

Q 4. The order and degree of the differential equation

2 3
(1 + Sd—y) = 4d_y respectivelyare:  (c85£2023)
dx dx?
a.].% b. 3,1 e 3.3 d. 1.2

Q6. The sum of the order and degree of the

3
diﬂ‘erentialequationi (d_y) is: (CBSE2023)
dx |\ dx

a.2 b.3 c.6 d.0
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Q6.

Q7.

Q8.

Q9.

Q10.

Q.

Q12

Q1a.

Q14.

if mand n, respectively, are the order and degree

d [(dy\]*
of the differential equation — [—) =0, then
dx |\ dx

m+ns= (CBSESQP2022-23)
a.l b.2 3 d4

The number of arbitrary constants in the general
solution of a differential equation of fourth order
are: (NCERT EXERCISE)
a.0 b.2 c.3 d4

y = x is a particular solution of which one of the
following differential equations? (NCERT EXERCISE)

a szs/—)<2gxz+xy=x b.%—xzaery:D

"dx

dx dx?
The general solution of the differential equation
ydx - xdy =0is: (CBSESQP2022-23;2023-24)
a.xy=C b. x = Cy?
cy=Cx d.y=0x?

Or

The general solution of the differential equation
y dx = x dy

=0is: (NCERT EXERCISE)
y
axy=C b_ngy2
c.y=Cx d.y =Cx?
The numJJer of folutions of the differential
equation . &, wheny(1)=2,is: (c85£2023)
de x-1
a. Zero b. one
c. two d. Infinite

The particular solution of the differential
. dy xty .
t — y 0)=0is:

equation = € y (0)=0is

b.e*+e¥=2
de*+e¥ =2

ae’+e? =2
ce¥ie¥=2
The solution of the differential equation

X
d_y ¥ e

dx y
b.x2=y?+e*+C
dx?=y*+2e+C

a.yl=x?+2e*+C
cx?=yiire™+C

'the solution of the differential equation
y 1

dx y+siny

is:

2

a.y?-siny=2x+C b.%—slnx=y+c

2 2

y d.x?—cos;me»C

C.Z——-cosy=Xx+C
> Y

The solution of the differential equation

(¥ +e ™)dy - (e* —e ™™ )dx =0is: (NCERTEXERCISE)
a.y=logle*-e™|+C b.y=logle*+e™|+C
cy=2logle*-e™|[+C dy=2logle*+e™|+C

Q16.

Q16.

Q17.

Q18.

Q1a.

0 20.

Q21

Q 22.

The solution of the differential equation
d_y= 1+x? =
dx  1+y?
a(y-x)(v2+x?+xy+3)=C
b.(x+y)(x2+y2+xy+2)=C
c(x+y)(x2-y?+2xy)=C
d. None of the above

Solution of the differential equation

-l
IR _wedy
% K dx +dy’
1+ —+—+
21 4!

a.2ye® =C.e* +1
cye® =C.e®4+2

b.2ye® =C.e%* -1
d. None of these
Given the differential equation
2

Do O Y ()=r

dx 2y +cosy
Which of the following options is correct?
a. Solutlon Is y? —siny = -2x3+C
b. Solution is y? +siny =2x?+C
. C=n?+242
d.C=n+2

dy dy

For the differential equation x = +2y = Xy —:

dx
a.order Is 1and degree Is 2
b. solution Is ln (yx?) =C +vy
c. order Is 2 and degree Is 2
d.solution Is n (xy?) =C +y

The particular solution of
ln(d—y)m 3x+4y,y (0)=0, is:
dx

b. 4e3* —3e=% =3
d.4e®* 130 =7

a.edr 1 3e~ = 4
c.3e¥ 14 =7

Ifd—y= ythen x+y +2=
dx« x+y
a.Ce’ b. Ce¥/?
X
c.Ce” d.Ce ?

The solution of the differential equation

d o
Y e pxle is:
dx

3 2
a.e”=%+e”+c b.ey=%+e"+c

3

c.e¥ =-x?+ e*+C d. None of these

The solution of the differential equation
dy  x
dx  14x?

a.y:-;—h:ng]z+x2|+c b.y:%tog(1+x)+c

c.y=log(V1+x2)+C

is:

d. None of these

L
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Q 24.

Q 25.

Q 26.

Q 27.

Q28.

Q 29.

0 30.

QN

Q a2
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Q23.

H’ﬂ
dx
of x wheny =3is:

g b.e®+1 C.

=e > and y =0, when x =5, then the value

e+9

d log, 6

The solution of the differential equation
tzm_v,rd—"'r =sin (x +y)+sin (x =y)is:
dx
a.1+2sinxsiny =Csiny
b.1+2sinxcosy = Csiny

c.1+2cosx-cosy =Ccosy
d. None of the above

The solution of the differential equation
dy [ 2 dY]

-X—=a|y +—|is:
a7 T
a.y=C(1-ay)(x+a)
cy=C(y+a)(x+a)

b.y=C(1+ay)(ax-1)
dy=C(x-a)(y-oa)
The solution of the differential equation

d_y = M satisfying y (1) =1, is:

dx 2xy
b.aclircle
d.(x=2)2+(y-3)* =5xy

a.a hyperbola
cy?=x(1+x)-10

If xdy-ydrx+xcoslnxdx=0, y(1)=1, then
yle)=

a.e(1-cos)) b.e(1-sin7)
c.e(1+cosl) d.e(1+sin1)
Ifxcos%(xdy-l-ydx):ysin!;(xdy—ydx).then:
a.cos%:fxy b.sec%:ny

c. xcos(xy)=Cy d. xsec(xy) =Cy

The solution of the differential equation

e —i]dxisz

¥
dy =
x?+y? [Xz-hyl

a.y =xcot(C -x)

b.cos"%:(-—x-l»C)

2
c.y=xtan(C-x) d.};—z=xtan((_‘—x)

The general solution of the differential equation
y (x%y +e*)dx -e*dy =0is:

a. x%y =3e* = Cy b. x3y + 3e* = 3Cy
c.yix-3e¥ = Cx d.y?x+3e’ =Cx
Ifydx=xdy +Inxdx =0,y (1) =-1, then:
a.y+1+lnx =0
¢.2(y+)+lhx=0

b.y+1+2lnx =0
dy+l-ylnx=0

If(x2 -l}j—y-+2xy =x,y(0)=0,theny (2)=
Ix
al b.l
3
t:_z d.2

3

Q3a.

034.

Q 35.

0 36.

Q 37.

Q 3e.

The solution of the differential equation
x dy +ydx = xy dx, when y (1) =1is:
e” e”
ay=— by=—
X ex
cCy= xe? d. Nane of these
e

The integrating factor for solving the differential

equation x — —y =2x? is:
dx (CBSE2023)

d.L
X

a.e” b.e™* Cx

The integrating factor of the differential equation

dy

x—+2y =xlis: (CBSE2020)
dx

b. x? d.e-*

The solution of the differential equation

y dx =(x+2y?)dy =0is:
(NCERT EXERCISE; CBSE 2017)

b. x =2y?+Cy
d.x=y?+2Cy

a. x ce*

a.y =2x%+Cx
&= x? +2Cx
The solution of the differential equation

(1+ x2)dy +2xy -dx = cot xdx is: (NCERT EXERCISE)
a.y (1+ x?) =log (cos x) + C

b.y (1+ x2)=log(sinx) + C

c.y(1-x?) =log (cosx) + C

d. None of the above

The solution of the differential equation
d—y+ (sec x)y =tan x,(Os X SE) is:
dx (NCERT EXERCISE)
(secx +tanx)+C

(secx —tanx)+C
(secx+tanx)-x+C
(secx—tanx)=-x+C

a.y(secx +tan x)
b.y (secx - tan x)
c. y(secx+tanx)
d.y(secx -tanx)

Q Assertion & Reason Type Questions

Directians (Q. Nos. 39-45): In the following questions, each
question contains Assertion (A) and Reasan (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only one is
correct. The choices are:

Q39.

a. Both Assertion (A) and Reason (R) are true and
Reason (R) s the correct explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) Is not the correct explanation of
Assertlon (A)

c. Assertion (A) Is true but Reason (R) Is false

d. Assertion (A) Is false but Reasan (R) Is true

Assertion (A): The differential equation of all
circles in a plane must be of order 3.

Reason (R): If three points are non-collinear, then
only one circle always passing through these
points.

L
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Q 40. Assertion (A): Order of the differential equation
whose solution isy =c, e**? +c;e** 4 ,is 4.
Reason (R): Order of the differential equation is
equal to the number of independent arbitrary
constants mentioned in the general solution of

the differential equation.
Q 41. Assertion (A): The solution curves of the

72
differential equation Xdx+ydy & 1-x"-y
xdy -y dx x*+y?

Q1 The order and degree of the given differential
equation are:
a.land1
c.landO

b. 2 and not defined
d.0and]1

Q43.

Q 44.
; .1
are circles of radius 3
Reason (R): The substitution x =rcos0,y =rsin0
makes the differential equation separable. Q 4.
Q 42. Assertion (A): The equation of curve passing
through (3, 9) which satisfies differential equation
dy 1 3
— = X+—isb6xy =3x" +29x -6.
a Y
Answers
1. (@) 2. (d) 3. (©) 4. (b) 5. (b) 6. (c)
11, (a) 12. (a) 13. (c) 14. (b) 15. (a) 16. (b)
21. (0) 22. (c) 23. (c) 24. (c) 25. (a) 26. (a)
a1. (a) 32. (c) 33. (b) 34. (d) 35. (b) 36. (b)
41. (a) 42. (b) 43. (b) 44. (a) 48. (d)
% Q2.
-y Case Study Based questions
Case Study 1
COVID-19 vaccine are delivered to 90 K senior
citizens in a state. The rate at which COVID-19
vaccine are given is directly proportional to the
number of senior citizens who have not been ga.
administered the vaccines. By the end of 3rd week,
%th number of senior citizens have been given the
COVID-19 vaccines. How many will have been
given the vaccines by the end of 4th week can be
estimated using the solution to the differential
equation i—y =/ (90 - y), where x denotes the number Q4.
x
of weeks and y the number of senior citizens who
have been given the vaccines.
Based on the above information, solve the following
guestions: Q5.

Reason (R): The solution of differential equation
7
(d_y) —(d—y)(e" +e ¥)+1=0
dx dx
isy=e"+c,ory =—e™ " +c,.
Assertion (A): ‘x’ is not an integrating factor for
the differential equation x v +2y =e”.
dy J d ;3

Reason (R): x| x —+2y |=—(x“y).

®:x(x L rzy )= L (xy)
Assertion (A): x sin x :;—i +(x+ xcosx+sinx)y
=sinx, y(-T-[)= 1-3 = Llimy (x)=~15.

2 T x—0 3

Reason (R): The differential equation is linear
with integrating factor x (1-cos x).
Assertion (A): If e x3y3, x>0,y >0and
y (0)=1,then y (1) =~/2.
Reason (R): The differential equation is linear in
the dependent variable —.

y
7. (d) 8. (b) 9. () 10. (a)
17. (b) 18. (b) 19. (d)  20. (b)
27.(b)  28.(b)  29.(c) 30. (b)
37. (0)  38. () 39. )  40. (d)

Which method of solving a differential equation
can be used to solve j—y =k (90-y)?
X

a. Varlable separable method
b. Salving homogeneous differentlal equation
c. Solving linear differential equation
d. All of the above
The general solution of the differential equation
dy o
— =k (90-y)is given by:
g r (P=y)isg y
a.log|50-yl=kx +C
b.-log|90-y|=kx +C
c. log|90-yl=loglkx|+C
d.50-y=kx+C
The value of C in the particular solution given that
y(0)=10and k =0.025is:
]
a. log 90 b. logﬁ

c. log BO d. 80

Which of the following solutions may be used to
find the number of senior citizens who have been
given COVID-19 vaccines?

a.y=90-e* b.y=90-e*
c.y=90(1-e") d.y =90(e=" -7)
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@ Solutions J

1. Glven differential equation Is:
dy
—=k(90-
! (90-y)

Order of equation = Order of the highest order
derivative in the given differential equation =1
and degree of equation = Degree of highest order
derivative in the given differential equation =1
So, optian (a) is correct.

2. Given differential equation Is:

Y _k(90-y)
dx
d —_— -
=5 —Lgu_y_k dx (1)

Here. we can solve the above equation by variable
separable methaod.

So, option (a) Is correct.
dy
3. Fromeq. (1), —=—=kdx
¢ 90-vy

On Integrating, we get
[ = =k [1dx

= -logl90-yl=kx +C (2
which is the required general solution.
So, option (b) Is correct.
4. Now, puty(0)=10and k =0.025 in eq. (2), we get
-log|90-10|=kx0+C
=5 € =-logB0=log(80)"

1
C=log—
& & 80

So, option (b) Is correct.

5. Let y=90(1-e"™) be the solution of the given
differentlal equation.

dy_i i wlox
LHS-:E_dX{BUU g~=x))

=90(0 +ke™*)=90ke™
Now, RHS =k (90-vy)
=k{90-90(1-e"")}
=k(90-90+90e%)
=90ke™ ™= LHS
Thus, y =90(1-e™)Is the required solution.
So, optian () Is carrect.

Case Study 2

In a college hostel accommodating 500 students, one
of the hostellers came in carrying Corona Virus and
the hostel was isolated. The rate at which the virus
spreads is assumed to be proportional to the product
of the number of infected students and remaining
students. There are 100 infected students after 5 days.

Based on the given information, solve the following
questions:

Q1. If n (t)denotes the number of students infected by

Corona Virus at any time ¢, then maximum value
of m (t)is:
a. h0o b. 100 c. 260 d. 500

Q2 -‘;% is proportional to:

a.n(1000-n) b.n(500-n)
c.n(250-n) d.n(500+n)

Q 3. The value of n (5) is:

a.l b. 50 c. 100 d. 500

Q 4. The most general solution of differential equation

formed in given situation is:

1 500-n
a.mlog =At+C
b.log L Y
100-n
1 n
c.ﬁlug S0 =At+C
d.log 1001 | figeit
n
Q 6. The value of n at any time is given by:
500 500
a.nlt)2r———m—r— hn(f)z2e—m———
(® 14 499 g=R00% (® 1-499 e~800X
50 50
cnlt)lse———————— d.nll)se————s
()= g5 5o ()= 755 o-mo0m
Solutions °

. SInce, maximum number of students In hostel Is 500.

. Maximum value of n(t) is 500.
So, optlon (d) Is correct.

. Let n be the number of infected students.

So, (500-n) be the remaining students.

Clearly, according to given Infarmation,

o o in (500-n),
dt

where A Is canstant of proportionality.
So, option (b) is carrect.

. Since, 100 students are Infected after 5 days.

n(5)=100
So. option (c) Is correct.
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4. We have, %: xn (500-n)

dn
= Im:}.jdt
1 1 1
500 [500—n+5)dn=RIdr
= 1 lc'glEm]_n|+lc|glnl =At+C
500 -1
= 1[03‘ 0 =At+C
500 500-n

So, aption (c) is correct.
5. Whent=0andn =1,

1 1
ﬁmg[qgg):C
1 n 1
& 500[“’8 500-n '103(499”:“

4390 |_cooat
500-n

4990 _ sooc

500-n
500e500% 500
= n(t)= SO0 = OO0
499 + e 14+ 499e”
So. aption (a) is correct.

Case Study 3

In a murder investigation, a dead body was found by
a detective at exactly 9 pm. Being alert, the detective
measured the body temperature and found it to be
70°F. Two hours later, the detective measured the
body temperature again and found it to be 60°F,
where the room temperature 1s 50°F. Also, it is given
the body temperature at the time of death was normal,
i.e., 98.6°F.

Let T be the temperature of the body at any time f and
initial time is taken to be 9 pm.

= lug|

Based on the above information, solve the following
questions:

Q1. By Newton's law of cooling, Zt_T is proportional to:

a.T-60 b.T-50 c.T-70 d.T-986

Q 2. Whent =0, then body temperature is equal to:
a. b0F b. 60°F c. 70°F d. 9B.6°F

Q 3. Whent =2, then body temperature is equal to:

a. bOF b. 60°F c 70°F d. 98.6°F
Q 4. The value of T at any time t is:
t t=1
a-50+20[l) b.50+ 20(1]
v) 2
12
c.50+20 (f] d. Nane of these

Q6. If it is given that log, (2.43)=0.88789 and

log, (0.5) =-0.69315, then the time at which the
murder occur is:

a.7:30 pm b.6:30pm
c.6:00 pm d.5:00 pm
Solutions °

. Glven,T Is the temperature of the body at any time t.

Then. by Newton's law of cooling, we get

%:k(T—SU). where k Is the constant of

proportionality.
So. aptlon (b) Is correct.

. From given information. we have at 9 pm,

temperature is 70°F.

o At t=0
T=70°F

So, option (c) Is correct.

. From given Information, we have

At 11 pm, temperature Is 60°F.

. At t=2
T=60°F
So. option (b) Is correct.
. We have, £=R(T-5EI) = d—T=kdt
dt T-50
On Integrating both sides, we get
log IT-50| =kt +log C
= T-50=Ce®
Clearly, for t=0 T=70°
= =207
Thus,  T-50=20e"
For t=2T=60°
= 10 =20e%*
1
2k=log| =
- B (2]
1 1
t
1)2
Hence, T=ED+ZU[E]
Sa, optlon (c) Is correct.
t/2
. We have, T=50+20 (%]
L
Now, 98.6 = 50+ 20 (%]2 (T =986°F)

t
= 486 (1]5
2
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486 t 1

L ey Sl | ol

= °g( 0] 2°g(2J
4B6

lo el

. W T
2 1

L e

°g(2]
= t=2 20

Case

]
o8 (ﬂ
s log(2.43) _2[ D.EEI?EIQ]
"~ log(0s) | 1 -069315
= -256

So. it appears that the person was murdered 2.5 h
before 9 pm e, about 6 : 30 pm.

So. option (b) Is correct.

Study 4

A differential equation is said to be in the variable

sep

arable form if it is expressible in the form

f(x)dvx=g(y)dy. The solution of this equation is
given by J-f(,t)cir :J.g(y)dywtC, where C is the

constant of integration.
Based on the above information, solve the following

questions:

Q1 If the solution of the differential equation
d_y = X s represents a circle, then the value of
de« 2y+f
a' is:

a.2 b.-2 €.3 d-4
{m 2
Q 2. The differential equation i = 2
dx y

Q3.

Q4.

Q6.

determines a family of circle with:

a. variable radii and fixed centre (0, 1)

b. varlable radii and fixed centre (0, -1)

c. fixed radius 1 and varlable centre on X-axis
d. fixed radius 1and variable centre on Y-axis

If j—y- =y+1,y (0)=1,theny (In2) is equal to:
x

a.l b.2

c.3 d. 4

}he solution of the differential
YooV e xte! is:
dx ;

y

a.e* =?+ey+f_'

equation

2
b.ey=?+e"+c

E |

c.e¥ =X?+e"+c d. Nane of these

If z—y =y sin2x, y (0) = 1, then its solution is:
X

a.yme‘""a" b.y =sin? x

C.y =cos? X d.y:e‘“z"

o Solutions
1. We have, gz=ax+3
dx 2y+f

=5 (0x+23)dx=(2y+f)dy

= a%+3x=y2+fy+f_'

= —-;—x2+y2—3x+fy+f_f=|]

This will represent a circle. if :2—0—=1 =>a=-2

(- in circle, coefficient of x? = coefficlent of v

So. option (b) Is correct.
2. We have, —“(y—d_L2 =dx
=y

On integratian, we get —,/l—y2 =x+C

= 1-y?=(x+C)?
= (x+C)+y* =1,
which represents a circle with radius 1 and centre on
the X-axis.
So. option (c) is correct.
3 y=y+l = ﬂ—=ci:v(
y+1
=5 Inly+1l=x+C
Now, y(0)=1 = C=In2

Ln‘yz—”|=x = y+1=2e*

So. y(n2)=-1+2e"2=-1+4=3
So, option (c) is correct.

4, From the given differential equation, we have

dy e+ x?
dx ~ eY
=5 e¥dy = (e* + x?%) dx

On integrating, we get e’ = e* +X?+C

So, optlon (c) Is correct.
ay
5. We have, = ysin2x
dy
=% —~=|sIin2x dx = loglyl=-
EN
Since x =0,y =1 therefare € =1/2
Now, toglyl:-z]-(l—-t:ost)

2
= loglyl=sin’x = y=e™ *

So. optlon (a) Is correct.

Case Study 5

A thermometer reading 0°F is taken
later, the
thermometer reads 70°F. After another

outside. Ten minutes
5 mun, the thermometer reads 50°F. At
any time f, the thermometer reading be
T°F and the outside temperature be S°F.

[onintegrating)

(onIntegrating)

COSZXx

+C

LI ]
P

10

L
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Based on the given information, solve the following
questions:

Q1. If A is positive constant of proportionality, then
find ar :

dt

Q 2. Find the general solution of differential equation
formed in given situation.

Q 3. Find the value of constant of integration C in the
solution of differential equation formed in given
situation.

or
15 minutes later, the thermometer reads 50°F,
find the outside temperature.

— Solutions ®

1. Glven, at any time t, the thermometer reading be T°F
and the outside temperature be S°F.
Then, by Newton's law of cooling, we have

dr dT
EFG:(T_S) = —d't—="—JL(T—S)
dT
2. We have, EE—=-—}_(T—5)
T
——==Adt
= T-C d
= Lcﬁ=-—}.‘|‘dr
T-5
= log|T-5|==At+C
3. Since,at t=0, T =100°F
log|100-5|=0+C
= C=logl100-5I|

Or
Since. att =15, T =50°F
log|50-5|=-Ax15+logl|100-5]

100-5
15) =1
= %8l50_5
16 %
- et6r LJ00=5 _ o gpl2=e
50-5 -I__e'lﬁl

Case Study 6

It is known that, if the interest is compounded
continuously, the principal changes at the rate equal
to the product of the rate of bank interest per annum
and the principal. Let P denotes the principal at any
time / and rate of interest be % per annum.

i
mw

.I -
ey
i* 1
£

Based on the given information, solve the following
questions:
Q 1. If P, is the initial principal, then find the solution
of differential equation formed in given situation.
Q 2. If the interest is compounded continuously at 5%
per annum, in how many years will ¥ 100 double
itself?
Or
At what interest rate will ¥ 100 double itselfin
10 yr? (log,. 2=0.6931)
0 3. How much will ¥ 1000 be worth at 5% interest
after 10 yr? (%% =1.648)

® Solutions ®

1. Here, P denotes the principal at any time t and the
rate of interest be r% per annum compounded
continuously. then accarding to the law given in the
problem, we get

dP_ Pr
dt — 100
= B el dt = [Ldpml[at
P 100 P 100
rt
lopP=——+C i
= R (1)
i C=l08pﬂ
So ngP—r—t+lugP
' 100 4
P rt

2. We have,r=5%, R, =¥ 100 and P =% 200 = 2R,
Substituting these values In eq. (2), we get

log2=—t

=5 t=20log,2=20x06931yr
=13862 yr

Or
We have,
Ry =%100,P =3 200=2F, and t =10yr

Substituting these values In eq. (2). we get
10r

LDgZ:m
= r=10log 2 =10 x0.6931= 6931
3. Wehave,, =%1000,r=5%andt =10
Substituting these values In eq. (2), we get
P Ex10 1

l E— = =_=D.5
Dg(mnn) 00 -2

=% = P=1000x1648=7% 1648

1000
Case Study 7

An equation involving derivatives of the dependent
variable with respect to the independent variables is
called a differential equation. A differential equation

of the form ‘i—y=F(x, y) 1s said to be homogencous,

ax

L
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if F(x, y)is a homogenecous function of degree zero,

whereas a function F(x, y) is a homogeneous
function of degree »n, if F(Ax,Ay)=L"F(x, y). To

solve a homogeneous differential equation of the type

d_y =F(x, y) =g(l} we make the substitution
dx X

y =vx and then separate the variables.

Based on the above information, solve the following

qgueslions: (CBSE 2023)
Q1 Show that (xZ-y2)dx+2xydy=0 is a

differential equation of the type . g(i}
dx X

Q 2. Solve the above equation to find its general

solution.
Solutions o
1. We have,
(x%-y?)dx + 2xy dy =0
dy _yi-x* _
N dx  2xy =F(x.y) (say)
2 422 24,2 2
Now, F(Ax, ;Ly)=7*2V - XX =)\(% =x#)
20X ky s ny

_0 Wz;j) 0 %(]1]-1

X

Here, degree of function Is O, sa glven differential
equation Is a homogeneous equation.
Hence, the given differentlal equation of the type g(%)
Z_ 2
i, g Dl

dx  2xy
d dv
Puty:vx::ag =v+xa
xav _ o
E T 2xwx
xdv vZ-=1
= —= -V
dx 2v
= _{d_v L %=
dx 2v
= :zzld =d_X
ve+] X
Integrating both sldes. we get
2v dx
JEE-l%

= -loglvZ+1l=log|x|+logC

1
=5 lo =log|x|C
gvﬁﬁ{ B
1
= —:—mXC
ve+l
= —21—-)((_' [putv:%}
y
+1
X2
= X =xC = x=(x?+y?)C
VT :

Case Study 8

A first order and first degree differential equation in
which the degree of dependent variable and its
derivative 1s one and they do not get multiplied

together, is called a linear differential equation.

Consider the given equation %+Py=Q. This
Y

equation is known as linear differential equation.

; i P
Here integrating factor ie., IF =eJ
complete solution is given by

y(lF):jQ x(IF) dx +C,
where P and Q are constants or some function of x.

Now consider the given equation
dy =cosx (2 — y cosecx) dx

and the

Based on the above information, solve the following

questions:
Q 1. Find the value of integrating factor (IF).
Q 2. Find the general solution of the given equation.

Q3. If y(%):Z, then find the particular solution of

given equation.
Or

If x =—:-. then find the value of y.

. Solutions

1. Glven differential equation can be written In Unear

differential equation form

ay _ cos x (2 -y cosecx)
dx

= dl:Zcosx-—cosx-cosecx-y
dx
dy 1
- f— =2
= dx+c;sx slnxy cos x
& o cotx.y=2
= dx+c0 X\ cos x

On comparing with j—y+ Py =0, we get
x

P =cot x and O = 2cos x

F ejpdx efcutx dx

2. Complete solution Is
y-|F=J'Q.|Fdx+r:
= y.sinx= j2cosx-sin x dx +C

loguinx

Now, e = Sln X

= y-sinx:=[s|n2x dx+C = y-slnx=—21c052x+c

which Is the required general solution.

3. Now, put x = % and y =2 In general solutlon, we get

2-sin£=—lc052-£+f:2x1=—1c05n+C
2 2 2 2

3

s Fa () Cnd ~ami
2 272

. Required particular solution Is
1 3

y:sinx =-—cos2x +=

2 2

= 2ysinx = -cos2x+3

L L o s s o



Or

Now. put x = g in the particular solution. we get

Y 19
2ysin—=—-cos2-—+3
ysin £ cos E+

= 2yxl=—CDSE+3

2 3

1 5

= - 3:—

= =g

"l Very Short Answer Type Questions

Q1

Q2

Q3.

Q4.

Q6.

Q6.

Q7.

Qe.

Q9.

Q10.

Find the order and the degree of the differential

4
e uatinnxzﬂ- 1+(d—1")2
q —3 =] 1.

Write the order and the degree of the following
differential equation

dly\  (dy\’
)l +x(—) =0.
dx? dx

Write the sum of the order and degree of the
following differential equation:

i(ﬂ) 55

(CBSE2019)

(CBSE2019)

(CBSESQP 2022 Term-2)
dx \ dx

Write the degree of the following differential
equations:

cdly  (dyY o o, (dPy
(l)dx—z'l')f(a) =2X log F

(NCERT EXEMPLAR; CBSE2019)

(u) + y?+e@™ 20 (NCERTEXERCISE)

Write the sum of the order and degree of the

. . . dy)“ d’y
diff: tial t 14| —| =7 ’
Irrerentia equa on +(dx dx2

How many arbitrary constants are there in the
particular solution of the differential equation

d
ay =~4 xy . y(0)=17? (CBSE2020)
Show that the function y = ax + 2a? is a solution of

2
the differential equation 2[2) + x[d—y)—-y =0.
dx dx

(CBSE2020)
Write the solution of the differential equation
dy 5y
dx
Find the general solution of the differential

y Xty

equation — 7 =€ (C05E2020,19)
)

Find the solution of the differential equation
dy 3 =12y
=x".e
dx

Q.

Q12

Q13.

014.

Q16.

dy 1+x?

Solve the differential equation — = 8
dx y+siny

Solve the differential equation:
(1=-x)dy=-(3+y)dx =0

For what value of n is the following a

homogeneous differential equation

Q=x3;y"?

(CBSE2020)
dx  xly+xy?

Write the integrating factor of the differential
equation J?%ﬂ/ =e~x

Write the integrating factor of the following
differential equation:

dy
1+y2)+ @xy -coty) = = 0.
(1+y°)+@xy y)dx

‘/ Short Answer Type-| Questions

Q1

02

Q3.

Q4.

Q6.

06.

Q7.

Q8.

Q9.

Q10.
Q1.

Q12.

Q13.

Verify that ax? +l:vy2 =1 is a solution of
differential equation x (y y, +y31)=yy,.
(NCERT EXEMPLANR; CBSE 2017)

2
Solve the differential equation g— +( Lty ]: 0.
X

Salve the differential equation :—y =xy+x+y+1.
Ix
Salve log gy =ax + by.
dx

(NCERT EXERCISE; CBSE 2022 Term-2)
Solve the differential equation

dy
log| = |=x=-y.
g(dx) y

Find the general solution of the differential
dy _3e kT

(CBSE2022Term-2)

equation— (CBSE2022 Term-2)

dc e +e "

Solve the differential equation:
sec x-cosecy dx+secydy =0

Solve the differential equation:
(cos? x =sin? x)dy +2siny cosy dx =0

2

Solve the differential equation d_y + 1xy =0.
dx y

Solve [(1-+e*) y]dy =[(y + 1) e*]dx.

Solve the differential equation:
(xy %+ x)dx + (yx? +y)dy =0

Solve the differential equation:

sec’ x tany dx +sec’ y tanxdy =0

(NCERT EXERCISE)
2

Solve the differential equation Zx—{ = §in x.
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Q 14. Solve the following differential equation

Q 16.

Q16.

Q17.

Q1B

d)

ay =x" cosec y,giventhaty (0)=0 (CBSE2020)

Find the particular solution of the differential

2

equation W T —; given that y (0) =.3.
d 14+x

(NCERT EXERCISE)

Find the general solution of the differential

. dy 2
equation —+—y = X.
4 dx xy

(NCERT EXERCISE)
Find the general solution of the differential
S

. dy
equation —+2y =e " .
q e y
Find the particular solution of the differential

equation x:—i-y =x’.e*,giveny(1)=0.

(CBSE2022 Term-2)

”/ Short Answer Type-Il Questions

Q1

02

Qa.

Q4.

Q5.

Q6.

Q7.

Q8.

Qo.

Q10.

Solve the differential equation

dy _

Fre cos(x+y)+sin(x+y). (NCERTEXEMPLAR)

Solve the differential equation

(x+1)%=2€" -1,y (0)=0. (CBSE2019)

Find the general solution of the differential
equation e” tany dx + (1-e*)sec’ y dy =0.
(CBSE 2023)

Find the equation of that curve which passes
through the point (-2, 3) and whose slope of

tangent at any point (x,y) isz—); (NCERYTEXERCISE)
y

Solve the differential equation:

2 2
Xdy=ydx=~/x"+y“dx (cgsesqop2022-23)

Find the general solution of the differential
equation x d'—‘V =y-x sin(i).
dx X

(CBSE 5QP 2022 Term-2)

Find the general solution of the differential
equation x ;i =y (logy —log x + 1).
X
(CBSE2022 Term-2)

Show that the family of curves for which
3 o

d_y =u, is given by x% =y 2 =Cx.
dx 2xy (NCERY EXERCISE; CBSE 2017)

Solve the differential equation:
By +y?)dx+ (x* + xy)dy =0
Find the general solution of the differential

equation x cos(i] d_y =y cos(£]+ X.
x ) dx X

(NCERY EXERCISE; CDSE 2017)

QM

Q12.

Q13.

Q14.

Q 16.

Q 16.

Q17.

Q18.

019.

Q 20.

Q21

Q 22,

Solve the differential equation:
ye Ydx = (xe™¥ +y?)dy, (y = O}
(CBSE 5Qp 2023-24)
Or

Find the general solution of the differential
equation ye™’” dx = (xe™” +y?)dy,y = 0.

(NCERT EXERCISE; CBSE 2020)
Find the particular solution of the differential
equation 2y e’ dx + (y =2xe*")dy =0, given

that x =0,wheny =1. (NCERTEXERCISE; CBSE2017)

Solve the differential equation:

xsin[i)ﬂur-y sin(i)ﬂ}, given that x =1,
dx X

X
when y =-1-21 (CBSE2020)
Solve the differential equation:
2 dy 2
x“=1)—+2xy = NCERT EXEMPLAR
( Vg = ( )
Solve the differential equation:
dy __2x y=x’+2. (CBSE2019)
dx 14 x*

Find the particular solution of the differential

equationﬂ- L yy(1)=0. (CBSE2023)
dx X

Solve the differential equation:

(1‘..=.m_1 y=-x)dy = (1+y1)dx.
(NCERT EXERCISE; CBSE 2017)
Solve the differential equation:
ydx + (x =y 2 )dy =0. (CBSE SQP 2022-23)
Find the general solution of the differential

equation% -y =sinx, (CBSE2017)

Solve the differential equation:

(1+x?%) j—y +2xy —4x? =0, subject to the initial
X

condition y (0)=0. (NCERT EXENPLAR, CBSE 2019)

Find the particular solution of the differential

equation j_y +2y tan x = sin x, given that y =0
x

T
when x = 5 (NCERTEXERCISE; CBSE 2018)

Find the particular solution of the differential
equation j—y+ycotx =2x+x2cotx, x » 0,
L1

ox

(NCERTEXERCISE; COSE2017)

L
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Q 23. Find the particular solution of the differential
dy y

equation x —+ x cos’ (—) =y; given that when
dx X
T
x=1y= Z (CBSE2022 Term-2)
Q 24. Solve the differential equation:
(cos? x)d—y+y =tan x;(O <X <£).
dx 2

(CBSE SQP 2023-24)

-§) Long Answer Type Questions

Q1. Solve the following differential equation

Ji+ x?+ytexty? + xy%:ﬁ. (CBSE2015)

2
Q 2. Solve the differential equation % = xsinx +e*.

Q 3. Find the equation of that curve which passes
through the point (0, 0) and having differential

equation y' =e” sin x. (NCERT EXERCISE)
Q 4. Solve the differential equation:
xzy c.\fmr-—(.v(s +y3)dy =0
Q 6. Solve the differential equation:
(x T y 2) dx+2xy dy =0 (NCERT EXERCISE)

Q6. Prove that x> =y? =C (x? +y?)? is the general
solution of the differential equation
(3 =3xy?)dx =(y> =3x?y)dy, where C is a
parameter. (NCERT EXERCISE; CBSE 2017)

Q7. Solve the differential equation:
(xdy -ydx)y sin(y)a (v dx + x dy) x cos(y)

X X
(NCERT EXERCISE)

Very Short Answer Type Questions

2 4
1. Given differential equation Is de_zy?={1+(d_y] } .

dx
G-TiIPS®
* Degree of the differential equation should be free from
radical sign and fractions.
* Order and degree (if defined) of a differential equation
are always positive integers.

(I) Order of differential equation = Order of the
highest order derivative In the glven
differentlal equation = 2

() Degree of differential equation = Power of
highest order derivative in the glven
differentlal equation = 1.
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Q B. Solve the differential equation:
x2dy +(xy+y?)dx =0,y (1)=1 (NCERTEXERCISE)
Q9. Find the particular solution of the differential
equation (x -y)% =(x+2y), given that y =0,

when x =1. (NCERT EXERCISE; CBSE2017)
Q10. Solve the differential equation:

xdy -y dx =+/x2 +y? dx, given that y =0, when

x=1.  (NCERTEXERCISE; NCERT EXEMPLAR; CBSE 2019)
Q11. Solve ye’dx =(y>+2xe”)dy,y (0)=1.

dy 3.6
Q12. Solve x —+y =x-y°.
y y

dy

Q13. Solve L +ytanx =y ? sec x.
ax y y

Q14. Find the particular solution of the differential

equation (1+y?)+ (x -e tan™! y ) % =0, given that

y =0 when x =1.
(NCERT EXERCISE; NCERT EXEMPLAR; CBSE 2017)

Q16. Find the particular solution of the differential
. dy
equation —+y cotx =
q = y

— given that y =0,
1+sinx

when x = E (CBSESQP 2022 Term-2)

Q 16. Solve the differential equation:

d—y—3ycotx=usin2x, when at xmf. y =2, find
dx 2

the particular solution. (NCERT EXERCISE; CBSE2017)

Q 17. Solve the differential equation:

xj—i—i-y:xcosxﬂinx, given that y =1 when

X=

(CBSE2017)

MR

ERROR

Some students write the degree as 4 or 8 considering it
as the highest power.

G- TiPS

2. Glven differential equation s
2 4
d%y dy
3
X {F] +x[dx) =0
~.Qrder of differentlal equation = Order of the highest
order derivative In the glven differential equation = 2

¢ Degree of the differential equation should be free from
radical sign and fractions.

* Order and degree (if defined) of a differential equation
are always positive integers.

L
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and degree of differential equation = Power of
highest order derivative in the given differential
equation =2.

ERRQOR

Some students take degree as the highest power of the
derivative.

3. Given differential equation Is

_d..[EZ]_gg
dx \dx)™
d%y
=5
= dx

Here, order of differential equation = 2
and degree of differential equation =1
Required sum=2+1=3

4. (i)

TR!CK J

If the differential equation is not a polynomial equation
in its derivatives,then its degree is not defined.

The degree of differential equation Is not defined.
(i) The degree of differential equation Is not defined.

common] ERR(DR «-
Mostly students write the degree as 1. ]

5. Order of differential equation =2
and degree of differentlal equation =3
Required sum = order + degree=2+3=5
6. We know that, the number of arbitrary constants In
the particular solution of a differentlal equation s O.
.. Required solution Is O.

7. Givenfunction, v =ax +2a* (1)
On differentlating w.r.t."x’, g%= a k)
2
. Ez] (QZJ_
LHS_Z[dx + X o y

=2(a)? + xa -(ax + 2a?)
=20% +0x —0x -2a0% =0=RHS

Hence, v = ax +2a? Is a solution of the differentlal

dy)*, (v
equatlon2 (E) + X (a] -y=0. Hence proved.
8. Glven differentlal equatlon Is
vl
dx 2"
= IZV dy = J dx (onintegrating)
2
= ——aoXx+(,
log 2
= 2Y = xlog2 + Cylog 2
= 2= xlog2+C  where(C=C,log2)

which Is the required solution.

common] ERR(DR -

Some students evaluate:
[a¥dx#a*loga+C

9. Glven differential equation Is

W i ot
dx

= Jevdy=exdx

= —eV=e"+C

(onintegrating]

which is the required general solution.
10. Given differential equation Is

%: XB-E-Zy
TR!CK
ECD(
[e* dx=—+C J
a
= Iez" dy =J x? dx (onintegrating]
- ot
2 &
= 2e¥ = x“ +4C,
= 2e¥ =xY 4+ C where (C = 4C))
which Is the required solution.
2
1. Glven, _d_y_= I
dx y+siny

By varlable separable method,
(v +siny) dy = (1+ x?) dx

= j(y+§lny)dy=_[(]+§2) dx

= y—-cusy=x+x—+c
2 3

(onintegrating]

which Is the required solutlon.
12. Glven,(1-x)dy-(3+y)dx=0

= (1-x)dy =(3+y) dx
By varlable separable method,
dy dx
—2 = — on Integratin
'[3+ y ‘l=x [ grating)

= logl3+yl=-logll-x|+logC
= log I3+y)(1-x)l=logC

3 (B+y)(1-x)=C

which Is the required solution.

13. Homogeneous differential equation must have same
degree In both numerator and denominator.

-+ Degree of denominator = 3
Degree of numerator = 3

l'_E‘.. N=3
Alternate Method:
dy x3 - y"
Glven, - ?V+_W? =F(x,y) (say)
() = (ryy

Now. F(ax,ny)= ()2 + () ((ny)?
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a3y
- l;xg + 7&‘;{3,!E
1? {XE__AP-Hyn}

2|y + xy?
} }a X3 _ln-l-l. f
xzy + xy2
If the above differential is homogeneous. then
H3=1=20
= n-3=0
=> n=3

14. Given differential equation isd—y+ ] —E-m
' A e

On comparing with %+ Py =0 we getP =317

dx
IF=e!P"x=eI:";=ez"’;

15. Given differential equation Is(coty -2 xy) g%: (1+y?)

= dx _coty-2xy
dy  (1+y?)
_gtoty 2xy
T+y 1+yE
d_er 2y ’xﬂcoty
dy T+y?  14y?
On comparing with, jy—x +Px =0, we get
Pis £
1+y

TR!CK
jf;(t‘))dxufogu(x)wc

IPdV .[_ztfdy

e Tey

IFoe
2
uelnglhy I:‘-|+y2

Short Answer Type-I Questions
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1. Glven, ax? + by?=1
On differentiating w.r.t. 'x’, we get
20x +2byy, =0
= ax +byy; =0 (1)
Agaln differentiating w.r.t 'x', we get
a+blyy2+yiy}=0
= 0==blyys+yf)
Now, put the value of a in eq. (1), we get
~b(yy,+yf) x+byy,=0
= =x(yys+yf)+yy)=0
x(yy2+yf)=yy

ERRQR »

Many students do not have an idea of formation of
differential equation and make errors while solving it.

(- b=0]
Hence proved.

2
2. aivon, LoV _g
dx X

2
- d_y.= T+y
dx X
By the variable separable method.
dy _ dx
1+y§_ X
TRICK
J- de = =-1—ran'i£+C
a” +x a a
1 dx
— = on Integratin
= IS eniegang
= tan”'y +logIx|=C

which Is the required solution.

3. Glven, d—X=xy+x+y+]
= %=y(>€+1)+](x+1)=(y+1)(x+])
= —dL:(xH)dx
(y+1)

= j%:“xﬂ)dx

= logly+1|=%+x+[

4. Glven differentlal equation Is

log o =ax +by
dx

s ﬂ=e(mf+bv)=eaxxebv
dx
dy
— =™ dx
= =
= e~ dy = e™ dx
= Ie‘by dy:Je'" dx
aby ax
- R .
-b a
e™ 1
+_F=C
- a be”

X
= %:e"“" e” e'V=e—y
= _[e"‘dy = fe"dx (onintegrating)
= e¥me*+(C

6. Glven differentlal equatlon Is
dy 3e™+3e" 3(e*+e™.e¥)
dx  e*+e™”

1
e¥ +Q—x
- M.ex maeax

(e +1)

= jdy:Bjea" dx (onintegrating)
ax

= y= &1
= y=e¥ +C, which Is the required solution.

L

L L o s s o



7. Given,secxcosecydx +secydy=0

= secxcosecydx =-secydy

= secx dx = ——=Y dy=__1fcosyd
cosecy 1/siny
= fsec X dx= _I tany dy [onintegrating]
= loglsecx+tanx|=loglcosy|+ logC
log sec x + tan x =logC
cosy
= secx+tanx=C-cosy

which Is the required solution.

. Given, (cos? x —sin? x) dy + 2siny cosy dx =0

= cos2x dy +sin2y dx =0

= cos2x dy =-sin2y dx
dx

sin2y "~ " cos2x

==

= Icosec2y dy =- ISECZX dx (onintegrating)

TR!CKS

° J'secax dx =}-Ioglsecc1x +tanax |+ C
a

1
o Icosecaxdx ==[og | cosec ax =cotax | +C
a

- log | cosec 2y —cot 2y |

2
-log Isec2x +tan2x| 1
= > te logC
= log|cosec2y -cot2y |+ log |sec2x + tan2x|
=|.C|8C

= (cosec2y —cot 2y) (sec2x + tan2x) = C
= 1-cos2y (Hsanx]:C
sin2y cos2x

which Is the required solution.

. Glven dlfferentlaL equation Is

ﬂ T+ y?
dx Y
Let 1+y2=t:>2ydy=dt

1% Jo

=0= j1+yy2 dy=-[dx

—lo tl=—x+C
= 3 gltl +C,
= letlgl1+yr2|=—x+c1
= log 11+ y?l==2x+C
= 2x +logl+y?l=C (whereC =2C,)
10. Given dlfferentlaL equation Is
M=JLd
1+e" y+1 4
= I j L& dy (onIntegrating)

T+e*
= I1+e" dx=J'[1—vT:‘dy

TR!CK

ij”dx-MgLﬂn|rc ]

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

= logll+e’l=y-logly+11+C

1.

Given.  (xy?+ x)dx + (yx? + y)dy =0

= x(y2+0)dx+y(x?+1)dy=0
d V sdy=0

= I]+x X+J- y=

TR!CK
IfW”dx—MgLﬂn|+c

[onintegrating)

12.

TR!CK

1 2 1 2 1
= —log M+ x“l+ =log M1+ y“l==log C
3 B 5 gll+y 5 B
= 2ll{::g|(1+)(2)(14-1/2)|=-;-Lclgt‘

= (1+ x?) (1+y?)=C
Glven. sec? x tany dx +sec?y tanx dy =0
= sec’ x-tany dx = -sec’y tan x dy

2 2
- sec’x . __sec 2 i
tan x tany
2 2
sec” x sec’y
= _[ — +I tany dy=0 [onintegrating)

= logltanx|+logltany|=logC

[ L8 o mtog 11101

13.

14.

S

fi

= Log Itanx-tany|=logC = tanx-tany=C
which Is the required solution.

Glven, g_zyz =sln x
X

Integrating both sides w.rt. 'x', we get
c]‘—y=-|‘s|r|x dx=-cosx+C
dx
Agaln Integrating w.r.t.'x', we get
y:—jcosx dx+CI1dx

= y=-sinx+Cx+d
which Is the required solution.

d
Given, 2 = x3 :
ven dx X~ COsec y

By varlable separable method,

gy _ = x3dx
cosecy
=5 Isiny dy = _[ ic"' dx (onIntegrating)
= —cosy =XT+ C (1)
Puty (0) =0, then
-cosQ =%+C
= -1= Dz— C=C=-
—cosy =T_1 (fromeq. (1))
54
= cosy m]—T

which is the required solutlon.

ERR(DR

tudents forget to find the particular solution after
nding the general solution.

L
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15.

. day 1+ y2
G B A

TiP:

Practice more problems based on finding particular

TR!CK

solution.
| 1?;2 = ‘[% (onintegrating)
= tan-'y = tan~! x + C (1)

I zdx - =ltan'1(£)+c
a*®+x a a

16.

TR!CK

g

Now putting x =0and y =+/3, we get
tan-' 3 =tan"'0+C

T T
==04+C C==
=5 3 +C = 3

Put the value of C In eq. (1). we get
tan"ly = tan™' x + =

= y= tan[tan“ X+ %}
tan(tan™ x)+ tan =

- V- E
1-tan(tan™ x) tan =

= y=x+'ﬁ = y-xy3=x+43
1-x+/3

= y-x=43(1+xy)

which Is the required solution.

ay 2
Glven, d_x+ ;y_ X

On comparing with %J' Py =0, we get

=£ and Q=x
X

log n=log nm, elogamq

17.

2
IFmEIpdN mej;dx

- G,Zlagx & E,iugx2 & X2

Now,

. Complete solution Is
y (IF)= [ Q(F)dx + C

= y-x2=J'x-x2dx+C=Ix3dx+C
= y-x2—£+f = —X—2+£
4 y 4  x?

Given, L +2y=e?
dx

On comparing with g}%+ Py = Q. we get
Pw2 and Que®

Now, IFme[demeIm = e
.. Complete solution Isy-(IF)nl[Q-(IF) dx +C
y-ez"=l|‘ea"-92" dx+C

= ye® = [e™ dx+C

COMMON

Many students forget to express the answer in terms of

constantC:

18. Given differential equation is

x%}%—y:xz-ejr

= Efl_l.y=x.e-“
dx x

On comparing with %— + Py =0, we get
X

F'=—land(_)=x-e‘
X

|
IF= edex = jmﬂk
So, required solution Is

y-(F)=[0Q-(IF) dx+C

1 o

= y--;:Jx-e -xdx+C

=5 Z=J'e"dx+Ca—.e"+C
X

=3 y=xe" +(x

When x =1theny =0.
0=1e'+C = C=-e
Put the value 'C'in eq. (1), we get

y =xe" —ex

Short Answer Type-Il Questions

1. Glven differentlal equation Is

E’y-mcos(x+ y) +sin(x+vy)
dx

. WL g W E
Let x+y=t = de_dx =5 e 1
) acost+sint [put the value ofgzin eq. (1)}
dx dx
= £=1+cust+slnt
dx
= ﬂ:.Zt:052£+25In£¢:c|t£
dx 2 2 2
dt

=|d
=="[2(r:t:)52£+s.ln£cut£) I "
2 2

7
TR!CK

1

el x =E-Lngx=_

X

)

cos 0 = 2cos? 9 -1,5in@ =m2smg -msE
2 2 2

sec? idt
=x+C

1+ tan—

2

.|
z

L L o s s o



Let tantey = Jeec2 Latedu 4. We know that. slope of the tangent of any curve Is

equaltod—y.
du dx
j—=x+f = logl(l+u)l=x+C dy 2x
= lo 1+tan£ =x4+C = d
o ng- @-TiP
— log .|+tan{x_+y} =L Practice more problems based on finding particular
2 solution.
2. Given differential equation Is 2
= y*dy =2x dx
(x+1)gl‘£—2e"”—1
dx = J'yzdy=2JX dx [onintegrating)
dy 2 3 XZ
e A Vw3
= g=g = g =drgtt
dy 2-eY ya 2
N—_L= = —=X+C (1
s ()= - )
N oY _ dx Putx:—Zand;/:BIn eq. (1). we get
2-ev X 41 ﬂ=(_2)2+(_‘
3
eY dx
5 —Jey_—zr:;fy=_[}H1 [onintegrating] - %:4+C:>C=9—4 — (=5

TR!CK ] Put the value of C in eq. (1), we get

I%%ldxﬂoglf()r)HC yw:;-j-thrS:}y=(3x2+15)1"3

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

which Is the required equation of curve.

= Y _2l|=
= -logle¥-2l=loglx+1l+C (1) ERR@R
On putting x =0 and y =0, we get .
Students forget to find the particular solution after
finding the general solution.

~logle” -2|=log |0+ 11+C

= -logl1-2l=log()+C
= =log|=11=0+C 5. Glven differentlal equation Is
= -log(N=0+C xdy -y dx=qx?+y?dx
o -0=0+C=C=0 = xdy:(y+1/x2+y2)dx
Put the value of C In eq. (1), we get 7.2
d y+!fx +y
-logle¥ -2|=log|x+11+0 = a§= ~ (1)
= log =log|x +1| which Is a homogeneous differentlal equation.
e - dy dv
: Now put y = vx and8;=v+x-&;in eq. (1). we get
=5 =(x+1 [ 2 2.2
ey -2 (e v+xdv—vx+ o
1 dx X
= eV=—+2
X+1 ” xﬁ_vx+x«h+v2_v
= y =log 2+L1| gx X
i
S = x Y oviitviovaflsv?
which Is the required solution. dx
3. Glven differentlal equation Is TR !CK
e* tany dx + (1-e*)sec?y dy =0 J'—dx—=:‘og|x+'\laz+x2|+C ]
L2 2
= e*tanydx=(e*-1)sec’y dy a4 x
X 2
3N 2 1dx=5te;ydy . dv_ _dx
o5 / T
e secy dv dx
= J' - dx:J‘ dy (onIntegrating) - _ (9 (on integrating]
e’ -1 tany jm Ix - &
= logle*-ll=logltany|+C (1) = loglv+41+v?|=loglx|+logk [ k>0)
o FEAK) 2
[‘ .[ F(x) dx:loglf(x)nc:‘ = log -z-+1’1+y1- =log| x|+ logk [v:%]
X

L L o s s o

L



= logly+yx2+y?l-loglx|=loglx|+logk

= logly +yx?+y?|=2log| x|+ log k

= logly +x% +y?|=log ko2

= R L
y+m=fx2.wher9£‘=k

which Is the required general solution.

. Given differential equation is

dy z]
xdx_y xsln(x

= gx—y=[%) —sin(%] (1)

which Is a hamogeneous differential equation.

Puty = vx and%—v+x3—vineq (1). we get

v+xdv—v—51nv
dx

= dv _ -sinv
dx X
av  -dx
=5 o s
sinv X
ax
= Jcosecv dv:—f— [onIntegrating)
= log tan% =-log| x| +logC

where log C Is an arbitrary constant.

=p log|xtan- =logC [':v=z}
X
b
= xtanZX

which Is the required general solution.

. Given differentlal equation Is

Y. yllogv-I 1
Xl y(logy -log x +1)

dy_y (y)

—ZL=Zdlog| & [+1 ol
= dx x{ g X W
which Is a homogeneous differentlal equation.

Puty = vx andgz=v+xd—vin eq. (1), we get

dx dx
v+xd—v—ﬁ lo [VX]H
dx x & X
= v+xj—:=v(logv+1)
= v+xd—v=vlogu+v:>xd—v=vlngv
dx dx
av dx
=|— onintegratin
- Jvtogv Ix [ . g
o J(UV) J‘d_x
log v X
& Jtd!logv! Idx
log v X

= logllogvi=logl|x|+logC
Bhuace ~ -
Log(x logCx = log = Cx
Cx

Y= xe
whlch Is the required solution.

= log

B. Given differential equationis —= 5
%

dy_x’+y’ )
2xy

which is a homogeneous differential equation.

dy dv .
Puty = d—== — - (1). t
uty =vxand— - =v+x—ineq (1). we ge

dv  x%+vix?

VX —=— =
dx  2x(vx)
= xﬂ— 2(]+v2)_v_1+v2_v
dx 2xv T 2v
= dv 1+'ur 21;2_]—\;2
dx 2v T 2v
2v dx
—rd\J:—
- 1- X
-2v dx
= =|— onintegratin
+ =13 b e

TR!ICK ]

I%Xf)ldnzagmx)uc

In homogeneous differential equation, the degree of all
terms will be the same.

= -logl1-v?I=log|x|-logC
2

= -log 1—5% =log|x|-logC [y =vx]
X
2 .2
= -log X—}y— =log|x|-logC
X
= -log Ix%-y?| +log x? =log | x | - log C

= -loglx?-y?|+2loglx|=loglx|-logC

=5 log | x| -log|x?-y?|=-logC

= log 1X—Z =log l‘
X< =y C

- £ o=l
x2-y?2 (

(x*-y?)=Cx Hence proved.

. Glven, (3xy +y?) dx + (x* + xy) dy =0

dy 3xy+y
—~ = | 54— aald
L dx [x +ny U

which Is a homogeneous differentlal equation.

TiP:

Puty=vx = 3—y=v+xg in eq. (1), we get

X2+ xi dx
dv 3v+v2 2vi+ 4y
== X—o= - = -
dx 1+v T+v
- T+ v _.di
2(v2+2v) X
2v+2 dx



2v+2
_'[v 2Dy

TR!CK

=

=—_[:2(-dx

(onintegrating)

Ij;((:))dx =log | f(x)| +C

—loglv +2v|=-2log x +log J/C = log

= 1/v2+2v=£g

¥
2

([puty = vx and squaring)

= x%?+2x3%y=Corx¥ (y+2x)=C

10. Given differential equation Is

y)ady _ v
XCUS(;) a——yCDS[X)JrX

Yy cos Y)ix

X

= =
dx X COS [2-]
X

()

which Is a homogeneous differential equation.

G-TiP:

A differential equation —

if fy

& _fxy)
a9 (xy)
and ¢ (x,y) are

is said to be

homaogeneous functions of same degree.

Now puttingy = vxandd—y =V+X d_v
dx dx

L
dx ~

Ineq. (1), we get

dv  x{vcosv+1} vcosv+1
= V+X—= =
dx XCOSsV cosv
- dv_vc05v+1 _vecosv+1-veosy
dx cosv cosv
dv 1
= X —=
dx cosv
dx
=5 jcus vdv= _[ S (onintegrating)
X
= sinv=log|x[+C
=5 s.ln%:lnglxlﬂ.'

which Is the required general solution.

11. Glven differentlal equation Is

ye™ dx =(xe*”¥ +y?)dy.y = 0

dx (xe*VV +y?)

> & e

()

which Is a homogeneous differentlal equation.

dv

dx
Now putting x = vy and 2= = v + y < in eq. (1), we get
dy dy

dv vyew"*‘ i yz

v+yw=w},—

r
I homogeneous,

dv _y(ve'+y)

=5 V+y & e
dv  ve'+
= v yd_y =T"‘i
= £=ve"+y _ue"+y—ve”
dy e’ e’
= yAﬂ=l = e"dv:y—dy
dy e y
=% Ie"dv =f dy (onintegrating)
= e'=y+C
= e =y+C (- x=wy)
which Is the required solution.
12. Glven differential equation Is
2y e™dx +(y-2x e*/¥) dy =0
= (2x ety —y)dy = 2y e*!¥ dx
= d_x=2xe"”’—y 1)
dy  2ye™”

which Is a homogeneous differential equation.

Putx=vyand9(-=V+y-d—vineq_(1).weget
dy dy

dv 2(vy) e"’"""’-y y(2v e’ =)

Ve Yo =
¥ dy 2y eV 2y e’
= dv _2ve’ ——1_V_2ve"-—1—2ve"
de~— 2e¥ B 2e’
% dv___1
dy  2e¥
= EE'V =—d—y
y

(onintegrating)

= 2e’==loglyl+C
= 2e* =—loglyl+C .(2)
Now putting y =1and x =01n eq. (2), we get

2e% =-log () + C
= 2x1==-0+4C = C=2
From eq. (2), we get

2e*Y =-logly|+2

= 2 +loglyl=2

ERROR -

Students forget to find the particular solution after
finding the general solution.

13. Glven differential equatlon Is

xsln(%}%}%+x—ysln(%}=lﬂ

TiP
A differential equation Y S5 ( Y)
dx g (xy)

homogeneous, if f(x, y) and g (x, y) are homogeneous

/s sald to be

functions of same degree.

L
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yF - 0 = V-

14.

] ysin(%]—x 0

X -sin L
X

which is a homogeneous differential equation.

U
gle

Now, put y = vx and g)% =V+X j_i in eq. (1), we get

VX
vx-sin(—)—x
v+xd—v= X
dx x-sin s
{x ]

dv _x{vsinv-1} vsinv-1
dx ~  x.sinv  sinv
dv _vsinv -1

X o——= =
= dx sinv
= xgi _vsinv-1-vsinv _ -1
dx sinv “sinv
dx
I =—|— int ti
= _[snv dv _[ = [onintegrating)
=5 —-cosv=-loglx|+C
= —cus(z}=—mglxl+[ (- y=vx]..(2)
X

Putting x =1 and y .—_%.we get
~CDS(T[]£) =-log(1)+C

s
—-cos===-0+C
= cos5 +
= -0=-0+C = C=0
Put the value of C In eq. (2), we get
-cos(£)=-loglxl+[]
X

Lla
CDS(X]—lUng|

which is the required solution.
Given, (x?2 -1)9‘2 :

dx x*=1
d_y & 2x 2
ax " xE Y Ty

which Is of the form %-ﬁ- Py =0,

where P=—:—_—] and Q=E_T_1F

TR!CK
J‘f'() ]

=5

dx =log | f(x) |+ C

2x

R ||

2 P
|F|‘.‘|QJ’de|:|Q xeil m IDBIX n"m 2

Therefore, the complete solution Is
v (IF) = J‘Q-(IF) dx +C

= yx(x2—1)=j((x2—1)x(—xlz_—])z]dx+c

2 1 x =1
= y(xz_.]):.[;zjd)(az-ilog m LS i
= v 1 i x=1 . C
%o=] Blx+1 x% -1

which Is the required solution.

TR!CK
If( )dx=iog|f(x)|

15. Given differential equation is

2

On comparing with —2+ Py =Q. we get

2x
P_ﬁ and Q= x°+2
+ X

-23:2':5:
”::Ejpdx:E Tox?  _ j-loglls x?|

1
=g lo x e
1+>(z

log 1

So, solution of linear differential equation Is

y-%lF):J'Q-(IF) dx +C

IFmeIpd mg X

—s= (x2+2- dx +C
y | e
_J-(x +1)+1 oC
(x*+1)
TR!CK
1 _1()()
s—tan™| =|+C
a’+x* a a J
W#I{1+—Z}dx+C
dx+C
%=x+tan“x+c
T+ x

y =(14x%) (x + tan™ x)+ € (1+ x?)

. Glven differentlal equation Is

“V  y()=0
ﬂ_z=1
dx %

which Is a Unear differential equation of the form
Y. pya
= riy=4

HereP:-landQ=1
X

1
r P 1
X I I=,(_:,«ll:nglnl

= -

. Complete solution s
yxIF = [Q-(F)dx + C
yxl=le1dx+C
X

X
Ls
= loglx|+C

y = x(logl x|+ C)
y())=0

Put x =1andy =0, we get
0=1(log1+C) = C=0
*. Required particular solutlon Isy = xlog | x|.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
_

.
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17. Given, (tan™ y - x) dy = (1+ y2) dx
dx tan'y-x tan”y  x

= —_—= =
dy 1-z-y2 ]+y2 1+y2

dx 1 tan™'y
— o} 2-X= v3
dy l+y T+y

On comparing with jy—x+ Px =0, we get

-1

1 tan™ y
P=—s and Q=——~
1+y - 1+y

1
IF=eIP‘W=eI"‘V2 dy:e“‘”"‘?

So, complete solution Is
x-(IF) = J‘Q.(|F) dy+C

of
tan-y tan™y iy
= X-e = e dy+C
I
1
Lett=tan™ dt = d
y = —jw y
x.eny =Jr-erdt+C
otonTly _af e _‘1 t
= x-e ..tj'edx I{dr(t)fedx}dt+C
= x-e“’“-"-"=t-e'—I(1-e')dt+C=t-e’—e’+C
= x-eWny o tan"y—e“‘“"V —ewny 4 C

X= tan"y-1+Ce““'”‘!9

which Is the required solution.

(1)

ERRQR -

Some students could not recognize the form of
differential equation correctly.

1B. Glven differentlal equatlon Is

y dx +(x -y?)dy =0
d_i-x)_, _x

dy vy y
dx 1
= —+—=X=Y
dy y
dx
which Is of the form & +Px=0Q

Here, P=land0=y
y

1
Eamialt =uej;dy =eBW ay
So, complete solution Is
x-(IF) = [0Q-(F)dy+C
= xwy=[yydy+C=[yidy+C
3
= xy=—§—+C

which Is the required general solutlon.

19. Given differentlal equation Is 3—y—y = sin x.
X

On comparing with gy

—Z +Py =0, we get
X+VO g

P=-1 and Qw=sinx

fpax _ [l _ e

Fme e

So, complete solution is
y-(IF) =jo-(||=) dx +C

= y-e™™ =J5Inx-e" dx +C (1)

TR!CK

Integration by parts,
-[!i“if dx =ujvdx —J-{%uj.vdx} dx,

where u and v are the functions of x.

20.

Let !=Ie“‘-51nxdx

~ d -x
= f=5lnxJ'e dx—'[{asinxje dx}dx
= !=slnx(—e"‘)—J-cosx(—e‘“)dx
= !=—e"‘-5inx+je““-cosx dx
= [=-e"".sinx
+ {cos xI e™*dx - j [ad; cos xj e“dx] dx}
=5 | =—e=*.sinx+ (cos x-(-e~¥)
——J(-slnx)(-e"‘)dx}
= [ =—e™.sin x—e“"-cosx—fe“"-slnxdx
= | ==e™sinx-e™*.cosx -/
= 2l =-e~"(cos x +sinx)

!=j'e'““-51nxdx= -i (cos x +sinx)

From eq. (1). we get

-X

y.e™™ = (cosx +sinx)+C

=5 =§(c05x+51nx)+€e’

Glven differentlal equation Is
(1+ xz)gxz+2xy-4x2 =0
dy 2x 4x°
= + Y=
ax e T

On comparing with j—y+ Py =Q, we get
Ix

2x 4x?
P=_f and s—
+ X Q 1+ x

TRICK

I%dx =log | f(x)|+C

2x

dx
Pd J. Z 4
|FmEJ "mehx meingl‘i¢xlm-|+x2

So, general solutlon Is
y -(IF):IQ- (IF)dx + C

2
- y.(].q.xz):j‘(—z-]ixx )x(1+x2)dx+C
= y-(1+x2)=qfx2dx+f
a
= y-(1+x2)=4-%+c k)

Now, putting x =0and y =0 In eq. (1). we get
u-(1+o)=4-§+c:cno

L
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Put the value of C in eq. (1). we get
3
v-(1+ x2)=4-x?+0

y(1+x?)=4xary= %2—)

which Is the required solution.
21. Given differential equation Is

-j-xy—+2ytanx=5inx

On comparing with oy +Py 0. we get

P=2tanx and Q=sinx

"::ejpdx =EI!Umxdx - E,Zl.ngjnm: x|
= eloasec’ x _ g2 x
Now, complete solutlon Is
y-(lF):IQ-(IF)dx+C
= y-seczx=_[s}nx—sec2xdx+[
= y-seczx;-J-SInx- ! dx +C
COS X COS X
=5 y-sec x = [secx-tanx dx +C
TR!CK
(—j’sec;(-tanxdxasecx+c
= y.sec? x =secx +C (1)
Puﬁkngy=03ndx=§weget
D-SEE‘?{E-]=SEC£+C
3 3
= 0=2+C
= C=-2
From eq. (1), we get
ysec’? x=seCx -2 = y_s_z_ecx—d?
sec” x

y=cosx-2 cos? x
whlch Is the required particular solution.
22, Glven differentlal equation Is

f'-I—y+prt:c|tx=2x+x‘?cotx
dx

On comparing with g—iJr Py =0, we get

P=cotx and QO=2x+x%cotx

IFmedex uejcmxdx

= ElDE] ginxl sin x

So, complete salution s
y (IF) = [ Q-(IF) dx + C

= y:sinx = I(2x+ x%cot x)sinx dx +C

=I (2xsinx + x?cos x) dx + C

- 2x5lnxdx+fxl cni:])sxdx+C

TR!CK

Integration by parts,

juv dx =ufv dx-f{diu Ivdx} dx,
X

where u and v are the functions of x.

23.

24,

=_[2X sin x dx+(x2)fc05x dx
—I{i x> J'cosx dx}dx 5L

—J'szmx dx + x sinx—_[szInx dx +C
ysinx = x?sinx +C (1)

Now put x =-2—and y =0in eq. (1), we get

2
i b1d
D=[§') -Siﬂ*2—+|':

2 2
- L
—_— C:—x1=—

Z Z
Put the value of Cin eqiﬂ). we get

x
yslnx:xzsinx—'—l}— or y=x°-

4sln x
which is the required particular solution.
Glven differential equation is

x%+ xcos{{-}:y

= WY coe? (z) )

dx x X
which Is a homogeneous differential equation.
v dv .
Puty =vxand —= =v + x —in eq. (1), we get
dx dx

dv  vx 2(vx
Vb X o e COSE | —
dx x

X
= vax Y oy _costvs x Yo _coszy
dx Ix
dv dx
= 2 = —-—
cos X
= Iseczvdv=-jd—x
X
= tanv =-loglx|+C (on Integrating)

= tan (%] =-loglx|+C (2)
When x =1 theny =-£‘~

tan (%] =-log()+C

= 1 ==0+C — |
Put the value of 'C' in eq. (2), we get

y
tan| =| = -1 1
an[x] oglx|+

which Is the required particular solutlon.
Glven differentlal equation can be rewrltten as

gz Y tan x
3 dx cns: X cc)s2 X
y

or d—+(sec x)y = tan xsec? x
X

which Is of the form g—i +Py =0Q.

Here P = sec? x and 0 = tanx sec? x

2
IF nEdex » e[ncc xdx o planx

. Complete solutlon Is

y-(IF) = [ Q-(IF) dx xC
= yxe'" = [e"""* tan xsec? x dx
Puttanx =t = sec’ xdx=dt

L ye™ = (o' tdt
il

L
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Integration by parts,
uvdx = ujvdx —I {—(u)jvdx}dx,

where u and v are the functions of x.

tanx t d t
= ye =rJ'e dr-[[a-(r)je dt]dt
= ye'nx =re'—J'1><etdr
= ye" ™ =te' —e' +C
=5 ye'anx — tan x N —elnx 4 C
= y = tan x =1+ Ce™"""*

Long Answer Type Queslions

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

1. Given differential equation is

\/]+x2+y2+ x2y2+xy-d—y-=l]

= \/{T+x2)+y2('l+x )= xy—Z
= 1+ x?) (1+ y? )..—xyd—v
dx

= V1+ 1f1+y 81-

fo o8
= y _dy = - 14+ X A
:;1+y X
On Integrating both sides, we get
[ 2
ery -—;3—- X dx

On putting1+y? =t and 1+ x? = u?

=5 2ydy=dt and2x dx =2u du
= ydy:% and xdx=udu
1 -2 u
Ejr dr=_.[u2_.1'UdU (onintegrating)

1 3 2
= Ejfvzdf=—.|‘aur__|du

i (U =1+1)
= gl Ea e
2
2
va_ _(u?-1 1
= qu_1d” J-uz—'ldu

(put 1+y? =t

+1

= ../1+y2=—u—2llng S_]

[_ dx _ 1.4 x—a}
b e el e
3
\h+y2=—dl+x2—ll0g e e
2 T2 4 1

which Is the required solution.

d%y
2. Given,—5=xsinx + e*
dx

On integrating both sides with respect ta x.
%:stinxcbujex

TR!CK

Integration by parts,
fﬁva;fc:ujv dx-[{%(u)j'v dx} dx,

where u and v are the functions of x.

= g—%: XJSIHX dx —I{d—i-(x)_[sinx dx}dx+e"

=-XCO0SX +Jc05xdx+e" +C
=-XCcosx+sinx+e*+C ()
Again integrating both sides of eq. (1) w.r.t.'x’,
y:—jxcnsxdx+j5inxdx+_[e”+[jldx+d

=-x-[cosx dx+[{%(x)‘[cosx dx}dx

—cosx+e* +Cx+d
=—x51nx+fslnxdx—cosx+ex + Cx+d
=-XSinx -cosx-cosx+e” +Cx+d

y=-xsinx-2cosx+e* +Cx+d
which Is the required solutlon.

3. Glven that, y'=e*sinx

dy

hut AL

=3 = Sinx
= dy =e” sinx dx

Idy = J e*sinx dx (onintegrating)
= y:je"slnxdx+c (1)
Let I = je|‘ sllln x dx  [uselntegration by parts)

TR!CK

Integration by parts,

Iurfcr;f(mujvdx—j{ fvdx}

where u and v are some functions of x.

= | = e"fsinx dx —J{%e”]slnx dx}dx

=e* (-cos x) —Je" (- cos x) dx

=-e*cosx+ [e"]cosx dx—f{%e"jcosxdx}dx}

=-e" cnsx+[e"5inx—_"e"slnx dx]
=-e* cusx+e*sinx—Ie"sInxdx

=3 | =e* (sinx —cos x) -1
= 2l = e* (sinx -cas x)

X
= I=%(slnx—cosx)+c

From eq. (1), we get

y:%(slnx—cosxﬂc (2)

L
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Put x =0and y =0, we get dv vZ-1

0
0=5(sin0-cos0)+C dx EV
2 dv v -1 ve-1-2v
1 1 - 2w T 2
= 0= E(D—1)+C:>C—E v v
dv  -1-v
Put the value of C in eq. (2). we get = X e Ty
1 1
y= Eex (sin x —cos x) + 5 Separating the variables, we get
x 2v dx 2v dx
2y —-1=e” (sinx —cos x) —_—dv=— —dv=-—
d =1-v X = T+v Y X
which Is the required equation of curve.
4. Glven differential equation Is Oniinizgrating, we et
x%ydx-(x?+y?)dy =0 I 2V2du=_ ax
3, 3 1+v X
% & Xy (1)
dy = x%y TR!CK
which Is a homogeneous differential equation. If( )dx =log | f(x)|+C
- dx av f(x)
0putx=vyandd—=v+yd—in eq. (1), we get
Va BV = log 11+ v2l=-logl x|+logIClI
dv _yP+(w) _yieviy? 2
V4y—= S = ) = log IT+vel+loglxl=loglCl
dy  (w)yy vy -
. = log [ (1+v2).-x|=loglC]|
dv_l+v 3
= V+Vd—y— 7 = x(1+v2)=C
3 = | = b o
= d_vz]w; . \; +1 = x[1+x2]_f [~ y=wx]
dy v v
dy _ > %2442
= —=v“dv =G
y = X{T
On Integrating, we have = x2+y?=Cx
3
J'L—:/Z=J‘v2dv = log |y|=%+[ 6. Glven differential equation Is
2 (x* =3xy?) dx = (y? -3x%) dy
= loglyl= +C X =V D,
gly 5‘; ( V) @4 TlP
= GEll= x3 - T Learn how to distinguish between variable separable,
B 33 homageneous and linear differential equations.
COMMON ERR@R - dy x3-3xy?
Some students put wrong substitution ie., y =vx in = di yg—3x§; ()

: dx
the homageneous equation of the form E =f (¥ which Is a homogeneous differential equatian.

Puty:.vxand-z=v+xgv

in eq. (1), we get
5. Glven differentlal equatlon Is

(x?=y?)dx+2xy dy =0 V+xd_V=(x)-3X(WE :
2_ .2 dx  (vx)=3x7 (vx
= A e ) A
dx  2xy - Ja Qv x2=3vix x3(1-3v9)
which Is a homogeneous differentlal equation. dx V3X3 3w X3 (vi-3v)
T K a2
@Tlp - XZV 133\; _V=1—3v 3—v3+3v
Students remember that in homogeneous equation ol i
of the ty, e f(x )or f(x, y) puty =vx = il -y = vi-3v v X
—_— _— = B
P ix . dy ke ST ) X
or x = vy respectively. o VA dv =
- = J=y® Jey? X
Put y = vx ant S v Slin eq. (1) we get v3 2 dx
dx dx mJ.]-v" dv—ﬂh_vn dv-:f7 (onintegrating)

dv  (vx)?-x’ _X ('.f2 1)

S 2x(vx) 2x%v Let t=l-v? = dt=-4vidy

.

L



TR!CK
I%dx =log | f(x)| +C

i __J vdv _[9x
X
= —%LDgIrI—BImdv=LDgIXI+Cl
:-%mgn_v“l—aj#dvmglx|+c, )
By partial fraction,
v v Av+B Cv+D
1=3) =) 0+v) 1=v2  1a v
= v=(Av+B)(1+v2) + (Cv + D) (1-v2)
= v=Av+B+Av3+Bv?+Cv+D-Cv3-Dv?
— v=(B+D)+(A+C)v+(B-D)v?+(A-C)v?
On comparing the Uke powers of v, we get
B+D=0 = B=-D (2
A+C=1 e
B-D=0 = B=D (4)
and A-C=0 > A=C ..(8)
From egs. (2) and (4), we get

From egs. (3) and (5), we get
) P Sl B
2 2
| 1
G -2-v+D+—j-v+D
vi 1=v? 1402

1-
From eq. (1), we get

1 4 v v
Zlr:ugll v 31{2(1—v2)+2(1+v2)}dv

=loglx |+ C,

3¢ 2v
——lo T=i* | = —Idv —dv
= gl | I 4I1+v

=log | x|+ Cy

TR!CK

| ?((:)) dx =log | f(x)| +C
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1 &4 3 2 3 2
——log |1=v* |+ =log |1=v* | ==log | 1+ v* |
i 3 B Tm ik

=loglx|+C,
2
= %log ::—:2‘ =%lag|1-v“|+toglx|+[1
=>ilng —2—;]_5’2“2 =llngl1—y“/x“[+loglxl+c
T+y*/x 4 ]
(v y=vx]
3 x2 =y x4 =y
ﬂzlﬂg m H—Lﬂg _ﬁ_ +|.0g[X|+C-|

In homogeneous equation, the degree of all terms will be
the same.

3 x“—y 1 4 4
= —log| >—<|==log|x"-y"|
4 & x“+y 4 & !

—-JTLDg x* +loglx|+C,

3 e
= ALug ;- r 4lug|x vl

—log Ix|+loglx|+C,

= Hlag Xj__y; =[Dglxé_yﬁ |+4C1
X +y
2_.,2)3
~ tog [ {5 L | log 1 xy?) (2 -y -4y
(xz_yz)a
L =4C
= |og (x2+y2)3(x2+y2)(x2— p] 1
- g 2P |,
(x2+y2)‘5
(Xz_yz)z
= LOg (—T——jﬂj}-.— =log C2 (WhErE.4C]=LDg CZ]
X“+y
x4 =y<) 2 2 N\2_ 2702 2\4
(X2+VE)Q=C - (x _y) = (x +y)

x2-y)=C (2 +y?Y
[takjng square root on both sides] Hence proved.

. Glven,

(xdy —ydx) y sin (ZJ = (ydx + xdy) x cos (4;—)
= xysln( )dy % sin( ]dxﬂxycos( ]dx

2 ensl L
+X cns(x) dy

TiP

" {xysm(g]‘xzms(%)}dy
{y(.v_) +y2sin ({.)}dx

y{(z) ysin (z]}

ke

which Is a homogeneous differentlal equation.

dy dv
Puty = vx and = = v + x — in eq. (1), we get
y = - g-(1). weg

VX VX
vx{xcos| — |+ vxsin| —
o _ o5 vsn(5))
dx x{vxsin(ﬂ)—xcos(ﬁj}
X X

dv v (cosv+vsiny)
= Ve X—e——— = 7
dx vsinv —cosv
dv vc05v+uzsinv "
dx vsinv —-cosv

de veosv+visiny -visinv +vcosy
—
dx vsinv —cosVv

L
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dv 2vcosv
= N —

dx _ vsinv-cosv
vsinv —cosv dx
:> T — v = e
2vcosv X
oy J-vsinv—cusvdV=2J-d_x
vcosv X
[onintegrating)
1 dx
tanv-—|dv=2|—
- j(rnv-3) =25
TR!CK
Itan ax dx = lJic:lg |secax |+ C
a
= log Isecv|-log|vI=2log|x|+logC
secv 2
= log |—logx =logC
= log SEEY | log C
VX
- secv .
Vx4
sec(%]
- =C [y =]
Lxx?
X
b
= sec| =|=Cxy
X
which Is the required solution.
8. Given, x’dy + (xy +y?) dx =0
= x7dy = - (xy +y*) dx
2
- dy __Oy+yd) 20
dx x?

¢ TiP’
In homogeneous equations, the degree of all terms will be
the same.

“+ (xy +y?)and x? each are homogeneous function of
degree 2.
- Eq. (1) Is a hamogeneous differentlal equation.

Puty = vx and %: v+x-j—:-ln eq. (1). we get

dv  (x-vx+vix?)

= - 2
Vbt == r (v+v©)
= xd_v=—v—v—v2=—2v—v2=—v(2+v)
dx
Separate the varlables,
L. TP
x v(2+v)
- _d_"=l[l_L]dv
x 2lv v+2
(by partial fraction)
de 1.1 1
= =g=]]=———=]|d int t
= J-x 5 (v v+2] v (onIntegrating)
= —lnglxl=%[([agv—togIv+2|]+C
1 % . y
=5 —lnglxlnilog - +C [.VX]
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L

G- TiP:

%
= —ngixI:lLug X |+
2 L.2
x
= —log!xl:llug Y_|+c -(2)
2 V+2x

Glven. when x =1 theny =1
1 1
—LDg (1) =§-|.Elg (E] +C

= D:llﬂg(-]-]+C
2 3

= C=—-;—|.0g[%)

Put the value of C in eq. (2),

1 1 y
_lnglxl_—zhlng(:_;}—lng V+2x[l
=  2loglxl=log|Lt2X
3y
2x
= log x? =log | 2= ]
\ 3y
= X2=Z;yﬂ = 3x’y=y+2x
9. Glven differentlal equation Is
(x-p)Z=(xrzy) > L XY
dx dx x-y

In homogeneous equation, the degree of all terms will be
the same.

~+ (x +2y)and(x -y) each are homogeneous function
of degree one.

~. Eq. (1) Is a homogeneous differential equation.

- &y _,.
Puty =vx and o Vik In eq. (1), we get

VX —=—""=
dx x=vx l=v
- ﬂ=l+2v_
dx 1-v
_l+2v-v+v2
- 1-v
_]+V+V2
C 1w
= —5_.1+V r:l‘v:ﬂ
T+v+v X
v-1 dx
= I—r +v+]dv=— = (onIntegrating)
%I%%dv:—lﬂglxuc
& [kl —Ej—d%-—mglxuc
27vi4v+] 27 vitv+l

TR!CK

j‘%dx =log | f(x)|+C

L
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1 5 3
:Eloglv +v+1i—fj

=—log|x|+C

TR!CK

dx 1 o
I 5 > = —tan 1(£]+C
a” +x a a

—loglv +v+1]- L. tan
2 (8 B
2 2

=-loglx|+C
2v+1
—lu [v2 +v+1l—~/_tan"( =-loglx|+C
~ 58 )
_I_mg Z}_ -(2)}:+X =—ngIXI+C
-+
X
7
:%log ;L:T+%+1 +;—L0gx2=\/§tan"[%;—]+£
1 y:2 ¥ ).z *,(2y+xJ
& 24 = C
nzog[-?+x+]x TX3 +

=log |y? + xy + x* =243 tan™ [Zngx] +2C  ..(2)
X

Now, puttingy =0and x =1

lung+U+1|=2J§tan“[%§)+2c

= log (1)=2+3 tan™ (7]5) #2C
= U=2J'x[.’5‘.+2c = ZC=-7“§

Put the value of 2C In eq. (2), we get

2V + X 4
log | X%+ xy +y?|=2 Btan“(—%-]-
glx?+xy+y’1=243 |-
= «Elogix2+xy+yzl==6tan"[3%{]-u
X
Gtan"(g%{)=ﬁlogix2+xy+vzl+n
X

10. Gliven differential equation Is

x dy -y dx = x* +y? dx
= xdy =(y ++/x2 +y?) dx
2, o2
= dy _y+d’ey? ()

dx X
which is a homogeneous differentlal equation.

Now put y = vx and By v B eq. (1), we get

dx dx
v+xd—v vx+~]x2+v2x2
dx X
dv vx+xxh+v2
=5 X e — |/
dx X
= xj—vnv+dl+v2—v
X
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dv s dv  dx
= X—=vl4+v = =——
dx T+v2 X
dv dx
= =[— [on integrating]
Im=1= Erating
TR!CK
I—fx 2=mg|x+\/¢m|+C ]
Na© +x

= loglv+1+vi=loglx|+C

2
Y ,’1 |=L C
x+ +X% ogl x|+

= logly++x?+y?l-loglxl=loglx|+C

= log

= log ly +x?+y?l =2log|x|+C -(2)
Now, putting y =0 and x =1in eq. (2). we get
log 10+ (1> +01=2log (1)+C
= log1=2log (1)+C
= 0=2x0+C = C=0

Put the value of C in eq. (2), we get
log ly +x%+y?l=2loglx|+0

= log Iy + y/x*+y?| =log x?
= y+1lx2+y2=x2

which Is the required solution.

ERROR . ]

Students could not recognize the form of differential
equation correctly.

1. Glven, ye¥dx = (y? +2xe”)dy
y 2
- dax _Y 34 2xe .

dy vl ey
TiP:

Practice more problems based on finding particular
solution.

dx 2 ﬁ

dy y eY

On comparing with g—;+ Px = Q. we get
2

P=- = and Q= L

y E¥

2
IF = ejpdy © ejn;’,dv

-4
w28y  oloay =y“2

~. General solution is
x(IF) = I 0-(IF)dy +C

1 2
e et
= X F jey XF y+
= ;",mje*’dwc = ;"T.:_e-hc...ﬂ)

Glven, x=0andy =1

L
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Put the value of C In eq. (1).

X 1
= —e‘y —_

Hence. required solution s
x =-eYy? +ely?
12. Glven equation Is

dy . .16 .
xa-ky_x;y Fa+;5-_x

o Theequananj—-s-Py (o) arj—+Px ox"
4

is known as Bernoulli’s equation.

1
Let =2
v
o5 _Sdy &
Ve dx  dx
- ldy dz
Ve dx  Bdx
92z
5dx+x_X
jx—z-iz=—5x2

o HZ
Comparing with _— Pz=0
5 2
Here P= -;-.and Q=-56x

5
-y
IFmede' @ E'I x

= p=Blogx _ plogx™® _ -5
Now solutlon Is
Z%"B J.~5x2‘x"5dx +C= -5] xdx +C
==h. X—2+C_ 3 +C
2x%

= z=;x +0OC = 11-=§x3+0<5

y
13. Given, d_y+ ytanx = yz Ssecx
dx

TiP
The equation 5, +Py =Qy" or o +Px =Qx" is
dx dy

known as Bernoulli's equation.

—dt

From eq. (1), —_— t-tanx =secx
= I _tanx-t =—secx
dx

On comparing with % +P-t=0 we get
X

P=-tanx and Q=-secx

IF =E_[F'd.x =Ef-mnxctx = p-logl sec x|

=g lwcx|_ploglcosxl _ oy

S, required complete solution s
r.(lF)=j’(|F).de+ C
=5 r-CDSX=JCDSxx(—SECx)dX+C

Dividing on bath sides by yz.

1 dy 1
——=+—-tanx = secx
y© dx y
Let .].=.r
y
On differentiating both sldes w.r.t. 'x’
-1 dy dt 1 dy -dt

Vi Tdx T oy ax dx

(1)

= r-cmsx=—jcus;x- dx+C=—Ildx+C
COS X
‘ 3]
= —.cosx==-x+C wt=—=
y y
cosx =-xy+Cy
which Is the required solution.
. Given differentlal equation Is
(1+y?)+(x - V) dy =0
-1 d
= o V—X)E%=(1+y2)
s dx (e -
dy T+y*
- o _e"Y
dy  T+yZ 1+y?
mn"y
= . il
dy 1+y° l+y
On comparing withg—);+Px =0, we get
pP=—1, and Q _Q_Em—]y
= an =
1+y I E Y
IF Ipd}f EII4y meum_]y
So, general solutlon Is,
x-(F)=[ Q- (IF) dy +C
tan-! y etan' tan~! Y
= x-e =I Ty xe dy+C
TR!CK
I 20')( 2 =lran'1(£)+f
a‘+x* a a
Put t=tan™y
d
dt=
= T
xgy mje' e'dt+C= jemdt +€
= xe"™'y 2 Lo
2
= ey o L2ty | o
| lun'ly -lun"y
= x==e +Ce (1)

L
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Puty =0and x =1in eg. (1), we get

1= Lewn'0, co-wn'o
2
= ]=lec'+1’_'-£=cl
2
=5 'I=%x1+fx1 =¥ C=1—2l=2l

Put the value of C in eq. (1), we get

x=le“‘"-l*’ 4opmtary
Z 2

Ty gy

which Is the required particular solution.

ERR(DR

Students forget to find the particular solution after

finding the general solution.

2
T+sinx

15. Given that, (47 +cotx-y=
dx

dy

dx

On comparing with ==+ Py = Q, we get

2
1+ sin x
Pdx dx
IF = elPo o gfeotxar _ glogunx _ gy

P=cotxandQ=

So, complete salution s
y-(IF)=[Q-(F)dx +C

= y-sinx=f xslin x dx + C

T4 sin x
=j{2(sinx+1) 2 }dx+C

(l+sinx) 1+sinx

=2[dx-2| o
1+sin x
TR!CK
: 2tan x/2
sinx s ————
1 + tan’x/2
2
=2x-—2[ 1+ta;| X2 de+C
T+ tan’=+2tan=
+ tan 2+ an2
sec? X
2x-2[— Z s
(1+tan%)

X 1 3 X
[putt =1+ taniza dr:isec 3dx]

=2x—2[2—tdrr+f

4

:»y-glnx=2x+4-%+{_'=2x+ +C
i1+tan%i

When x=%,theny=0
4

0w &
1+ tan=
8
= C=- 1.|:-~+ . =
1+ tan=—
B

16.

Put the value of C in eg. (1). we get

: 4 s 4

y-sinx =2x + - =+ =

l+tan> |2 1+tanZ

2 B

s 4

= Y =C0SeCXx|2{x+ 7 5+ =
1+ tan— T+ tan—
2 B

which is the required particular solution.
Given, d—y—aycot X =sln2x
dx

which is a differential equation of the form S—Z +Py=0Q.
X

Here, P =-3cot x and Q=sin2x

TR!CK

1
J-cotax ax = Elog |sinax | + C

17.

L

1
log——
. Ierjpdx=E-ja:°lx dx=e"3|'ngumx=e n]nax

= CDSECBX

" Sin x
Now, camplete general solution is
ycosec? x =J5In2x .cosec? x dx + C

3 1
= cosec” x = 25Inxc05)<x—3—dx+C
d '[ sin® x

=  ycosec® x =2[cosecxcot x dx + C
=-2cosecx+C
Put x = '22,3; =2In the eq. (1), we get

3

18 19
2 xcosec” —=-2cosec—+ C
) 2 2
= 2xP=-2x1+C
= C=2+2=4

Put C = 4 in eq. (1), we get

ycosecax =-2C0SeCX + 4
= =-2sIn? x + 4sin? x
which Is the required particular solutlon.

Given differentlal equatlon Is
xgz+ X C0S X +5sIn x
dx y

day 1 X €OS X +5In x

s e 4 [ —

dx x X
On comparing with 3—V+ Py = Q. we get

X

1 XC0s X +sin x
P=— and Q=—M—
X

1
iz IFmi?IpdxrzE‘J';m‘mQLuaI“anM
So, complete general solution Is

y-(F)= [Q-(IF) dx +C

& yxnjxcnsx+sinxxxdx+c
%

= yx:f(xcosx+sinx)dx+c

= yx:]‘(xcosxdx+{5inxdx+f

= YXo x-jcosxdx—j{%xj‘cosx dx}dx

+Isinxdx+r_'

L
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= yx=xsinx-[l-sinxdx-cosx+C Put y =1 and x = Zin eq. (1). we get
= yx=xsinx—(—cosx)—cosx+C 7
= Xy =x5inx+c0s x-cos x +C %(1)=§sin§+f_‘
= xy=xsinx+C (1) R _X().C
= — +
TR!CK ? 2
Integration by parts, = Cc=0
u-v dx =ufvdx -J {i(u)fvdx}dx, From eq. (1), we get
dx ] xy=xsinx = y=sinx
where u and v are the functions of x. which Is the required particular solution.
& Chapter Test
Muliiple Choice Questions Reason (R): Integrating factor of the differential
i dx .
Q1. The general solution of %: 4-y?, where equation of the form Ey—+P1x =Q, is given by
-2<y<2,is: el
a.y=sin(x+C) b.y=2sin(x+C) .
C.y=2cos(x+C) d.y =cos(x +C) Case Study Based Questions
B. 1
Q 2. The integrating factor ofg-z-+ y= —1-ﬂ is: G5, Laserstuay d
" i, dx - If an equation is of the form i + Py =0, where
Al h.E o -1 d e~ dx
X X P,Q are functions of x, then such equation is

known as linear differential equation. Its

Assertion and Reasons Type Questions sl
solution is given by y -(IF):IQ-(IF)dx+C,

Directions (Q. Nos. 3-4): In the following questions, each

question contains Assertion (A) and Reason (R). Each guestion where IF = eI d Ck.
has 4 choices (a), (b), (c) and (d) out of which only one is Now, suppose the given equation is
carrect. The choices are: Cl-sin) dy P T
a. Both Assertion (A) and Reason (R) are true and S A RO
Reason (R) Is the correct explanation of Based on the above information, solve rthe
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but fof’fm:wng quesan:

Reason (R) Is not the correct explanation of (i) Find the value of IF:

Assertion (A) (ii) Find the solution of given differential
c. Assertion (A) Is true but Reason (R) Is false equation.

d. Assertion (A) Is false but Reason (R) Is true A ———
.
Q3. Assertion (A): F(x,y)= XY HY o o4 OR
X

is
Find the value ufy(E].
homogeneous function of degree zero. 2

Reason (R): A differential equation of the form Q 6. Case Study 2
d_y =F(x,y)is said to be homogeneous, if F(x, y) Order: The order of a differential equation is
dx

the order of the highest order derivative

s a homogeneous function of degree zero, appearing in the differential equation.
whereas a function F(x,y) is a homogeneous

Degree: The degree of differential equation 1s
function of degree n, if F(Ax, Ay) =" F(x, y).

y the power of the highest arder derivative, when
Q 4. Assertion (A): d—i+y=10 is a differential differential coefficients are made free from
radicals and fractions. Also, differential

; dy :
equation of the type E"Py =Q but it can be equation must be a polynomial equation in

solved using variable separable method also. derivatives for the degree to be defined.
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Based on the given information, solve the

Jollowing questions:
(i) Find the order and degree of the differential
equation y L = _xs_ :
s
dx \dx

(ii) Determine degree of the differential equation

(me[%)ﬂr =0.

(iii) Find the order and degree of the differential
7
. dy V)3 _dly
equation| 1+| — =7—
H ( (dx) ] dx’

Or

Find the difference of the order and degree
of the differential equation

7
dy\* )3 _dYy
1+ — =7—
[ +(dX}J dx?

Very Short Answer Type Questions
Q7. Write the order and degree of the differential

7k
equation gx—‘:- =X+ \/j:i
dy

Q 8. Find the general solution of o =2xe

K-y

Short Answer Type-1 Questions

Q 9. Find the particular solution of the differential

dy

equation o =ytanx, wheny (0)=1.
Q10. Solve d_y_+2 =vy.
= Xy =y

Short Answer Type-Il Questions

Q 11. Solve the differential equation:

d
x—y=y-xcosz(1]
dx X

Q 12. Find the solution of the differential equation:
A s
dx 2 (x+y)+3

Long Answer Type Questions

Q13. Find the equation of the curve, which passes

through the point (1,-1) for the differential

equation xy% =(x+2)(y+2).

Q 14. Solve the differential equation xj—yx——y = log x,

given that y (1)=0.
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